Introduction
Quantum theory provides a set of rules to predict probabilities of different outcomes in different settings. While it predicts probabilities which match with extreme accuracy the data from actually performed experiments, quantum theory has some peculiar properties which deviate from how we normally think about systems which have a probabilistic description. One of these 'strange' characteristics is the phenomenon of quantum contextuality [1, 2] , which implies that we cannot think about a measurement on a quantum system as revealing a property which is independent of the set of measurements we choose to make.
Contextuality is one of the most striking features of quantum theory and, in addition to its role in the search for a deeper understanding of quantum theory itself, schemes that exploit this intrinsically quantum property may be connected to the advantage of quantum systems over their classical counterparts. Research in this direction has received a lot of attention lately and several recent results highlight the power of quantum relative to classical implementations.
Quantum contextuality is a necessary resource for universal computing in models based on magic state distillation [3] , in measurement-based quantum computation [4, 5] and also in computational models of qubits [6] . The presence of contextuality in a given system lower bounds the classical memory needed to simulate the experiment and in some situations reproducing the results of sequential measurements on a quantum system exhibiting contextuality requires more memory than the information-carrying capacity of the system itself. Contextuality can be used to certify the generation of genuinely random numbers [7, 8] , a major problem in various areas, especially in cryptography. It also offers advantages in the problems of discrimination of states [9, 10] , one-way communication protocols [11] and self-testing [12] .
The identification of contextuality as a resource for several tasks has motivated considerable interest in resource theories for contextuality. Resource theories provide powerful structures for the formal treatment of a property as an operational resource, suitable for characterization, quantification and manipulation [13] . A resource theory essentially consists of three ingredients: a set of objects, which represent the physical entities which can contain: the resource, and a subset of objects called free objects, which are the objects that do not contain the resource; a special class of transformations, called free operations, which fulfill the essential requirement of mapping every free object of theory into a free object; and finally, a quantifier, which maps each object to a real number that represents quantitatively how much resource this object contains, and which is monotonic under the action of free operations.
Recently, major steps have been taken towards the development of a unified resource theory for contextuality, with the definition of a broad class of free operations with physical interpretation and explicit parametrization and of contextuality quantifiers that can be computed efficiently. In this contribution, we review such developments and connections with operational aspects of contextuality.
Objects and free objects
The phenomenon of quantum contextuality is closely related to the existence of incompatible measurements in quantum systems and the compatibility relations among measurements are the basic ingredient for contextuality. These relations can be encoded in what we call a compatibility scenario. Definition 2.1. A compatibility scenario is given by a triple Υ := (M, C, O), where O is a finite set, M is a finite set of random variables in (O, P(O)), and C is a family of subsets of M. The elements γ ∈ C are called contexts and the set C is called the compatibility cover of the scenario.
The random variables in M represent measurements of some property of interest with possible outcomes O and each γ ∈ C consists of a set of properties that can be jointly accessed. For a given context γ ∈ C, the set of possible outcomes for a joint measurement of the elements of γ is the Cartesian product of |γ | copies of O, denoted by O γ . When the measurements in γ are jointly performed, a set of outcomes s ∈ O γ will be observed. This individual run of the experiment will be called a measurement event.
Definition 2.2.
A behaviour B for the scenario (M, C, O) is a family of probability distributions over O γ , one for each context γ ∈ C, that is,
For each γ , p γ (s) gives the probability of obtaining outcomes s in a joint measurement of the elements of γ . Each behaviour can be associated with an abstract measurement device, called a box, with |M| input buttons. The set of contexts C defines which input buttons can be pressed jointly. Each button has a set with |O| associated output lights, one of which turns on upon pressing that button. The probabilities p γ (s) given by the behaviour B describe the internal working of the box, that is, p γ (s) gives the probability of having the lights s on when we jointly press the buttons in γ (figure 1).
In an ideal situation, it is generally assumed that behaviours must satisfy the non-disturbance condition, which states that whenever two contexts γ and γ overlap, the marginal p γ γ ∩γ for γ ∩ γ computed from the distribution for γ and the marginal p γ γ ∩γ for γ ∩ γ computed from the distribution for γ must coincide. We ask now if it is possible to define a distribution on the set O M , which specifies assignment of outcomes to all measurements, in a way that the restrictions yield the probabilities specified by the behaviour on all contexts in C [14] .
A global section for a behaviour B ∈ ND(Υ ) is a global section for M such that the marginal probability distribution defined by p M in each context γ ∈ C is equal to p γ . The behaviours for which there is a global section are called non-contextual. The set of all non-contextual behaviour will be denoted by NC(Υ )
As an example, consider the scenario Υ containing three dicotomic measurements {x, y, z} with measurement y compatible with the two others. Mathematically, Υ = (X, C, O) with O = {−1, 1}, X = {x, y, z} and C = {{x, y}, {y, z}}. In this scenario, a behaviour consists in specifying probability distributions The set of objects in the resource theory of contextuality considered in this contribution is the set of non-disturbing boxes and the set of free objects is the set of non-contextual boxes in arbitrary compatibility scenarios with finite set of measurements and outcomes. 
Free operations (a) Pre-processing operations
We first consider compositions of the initial box B for the scenario (M, C, O) with a non-contextual pre-processing box B PRE for the scenario (M PRE , C PRE , O PRE ) (figure 2). We demand that the output lights of B PRE be in one-to-one correspondence with the input buttons of B in such a way that if a set of lights r in B PRE can be on jointly, the corresponding buttons γ (r) in M form a context of C. This restriction guarantees that the composition will not associate outcomes that can be produced in box B PRE with buttons that can not be jointly pressed in the box B, ensuring that the transformation is consistently defined. This operation results in a box W PRE (B) with input buttons M PRE , compatibility cover C PRE , and output lights O. The behaviour of W PRE (B) will be given by
where β is any context in C PRE , r runs over the possible output lights associated with context β in box B PRE , γ (r) ∈ C is the context of box B corresponding to r and s is one of the possible set of output lights associated with context γ (r).
(b) Post-processing operations
We can also compose the initial box B with a non-contextual post-processing box B POST for the scenario (M POST , C POST , O POST ) (figure 2). Analogously, to ensure that the transformation is consistently defined, we demand that the output lights of B be in one-to-one correspondence with the input buttons of B POST in such a way that if a set of lights s in B POST can be on jointly, the corresponding buttons δ(s) in M POST are a context of C POST . We have now a final box W POST (B) with input buttons M, compatibility cover C, and output lights O POST . The behaviour of W POST (B) will be given by
where γ is any context in C, s runs over the possible sets of output lights associated with context γ in box B, δ(s) ∈ C POST is the context of box B POST corresponding to s and t is one of the possible output lights associated with context δ(s).
(c) Non-contextual wirings
A non-contextual wiring is a composition of a pre-processing and a post-processing operation with the additional freedom that the behaviour of the post-processing box can depend on the input β and output r of the pre-processing box. The behaviour of the post-processing box is then of the form p δ (t|β, r), but in such a way that each output light of the post-processing box is causally influenced only by the inputs and outputs of the pre-processing box that are associated with it. This additional restriction is crucial in order not to create contextuality with the post-processing itself. To understand this restriction, consider a run of the wiring as shown in figure 2. Let β i be an input button of B PRE in context β and r i be the associated outcome in r. Let γ i be the input button in B associated with r i and s i be the corresponding outcome in s. Let δ i be the input button in B POST associated with s i and t i be the corresponding outcome in t. The consistency conditions in the definition of pre-and post-processing operations guarantee that all these input buttons and output lights are well defined (see [15] for details). We demand that
where φ ∈ Φ is an arbitrary additional variable, p(φ) is a probability distribution over Φ and
is the probability of having outcome t i for button δ i (s i ) on box B POST given φ, β i and r i . Figure 3 shows an example where each set of buttons and lights has exactly two elements. This composition defines a final box W NC (B) with input buttons M PRE , compatibility cover C PRE and output lights O POST . The behaviour of the final box will be given by
where β ∈ C PRE , r runs over the possible output lights associated with context β in box B PRE , γ (r) ∈ C is the context of box B corresponding to r, s runs over the output lights associated with context γ (r), δ(s) ∈ C POST is the context of box B POST corresponding to s, and t is one of the possible output lights associated with context δ(s). The set of all non-contextual wirings will be denoted by NCW. Self-consistency of the theory requires that non-contextual wirings satisfy the following property, proven here for context with two buttons. The general case is completely analogous and a general proof can be found in the supplemental material of [15] .
Lemma 3.2 (Non-disturbance preservation). The class of boxes ND is closed under all wirings
Proof. Suppose that β = {β 1 , β 2 }. Since when one button is pressed exactly one light turns on, we have r = {r 1 , r 2 }, γ (r) = {γ 1 (r 1 ), γ 2 (r 2 )}, s = {s 1 , s 2 }, δ(s) = {δ 1 (s 1 ), δ 2 (s 2 )}, as in figure 3. We have that . The behaviour of box B POST can dependent on box B PRE , but with the restriction that the probability of output t 1 for button γ 1 can depend only on β 1 and r 1 and the probability of output t 2 for button δ 2 can depend only on β 2 and r 2 . If we consider the situation in which button β 2 is pressed only after outcome t 1 is recorded, this restriction implies that the behaviour of the post-processing box depends only on the sequence (β 2 , r 2 , γ 2 , s 2 , δ 2 , t 2 ) and the wiring has no memory of the previous round (β 1 , r 1 , γ 1 , s 1 , δ 1 , t 1 ). We want the set of free operations to be convex and hence we also allow for convex combinations of such instances, given by the sum over the variable φ in equation (3.3) . (Online version in colour.)
In addition, to give valid free operations, NCW must fulfill the following requirement, proven here for contexts with two buttons [15] . 
Proof.
and
This in turn implies that
This proof is connected to the fact that the composition of any three independent noncontextual boxes yields a final box that is also non-contextual (with three independent noncontextual hidden variables). NCW is however more powerful than such compositions because the pre-and post-processing boxes here are not independent. Still, the restriction of equation (3.3) enables non-contextuality preservation [15] . For space-like separated measurements, NCW reduces to local operations assisted by shared randomness, the canonical free operations of Bell non-locality [16] [17] [18] . This also shows that non-contextual wirings is not the largest set of free operations for contextuality, since in the particular case of Bell scenarios it is known that local operations assisted by shared randomness is not the largest set of free operations of non-locality. However, we still lack a explicit parametrization for a larger set of free operations for contextuality, and we restrict throughout to the class of non-contextual wirings, unless stated otherwise, since this is the class for which we have a friendly parametrization with a clear physical interpretation.
(d) Product and controlled choice of boxes
We consider now two different ways of combining independent boxes B 1 = (M 1 , C 1 , O 1 ) and B 2 = (M 2 , C 2 , O 2 ). First we define the box B 1 ⊗ B 2 , called the product of B 1 and B 2 , as the box such that each of its contexts is given by γ = γ 1 ∪ γ 2 , with γ i ∈ C i , that is, each context in the final box B 1 ⊗ B 2 consists of a choice of context for box B 1 and a choice of context for B 2 (figure 4). The behaviour of this box is 
Quantifiers
The essential requirement for a function to be a valid measure of contextuality is that it is monotonic (i.e. non-increasing) under the set of non-contextual wirings.
Definition 4.1. A function Q : ND(Υ ) → R is a contextuality monotone for the resource theory of contextuality defined by non-contextual wirings if Q[W(B)] ≤ Q(B) for every W ∈ NWC.
Besides monotonicity under free operations, other properties of a monotone Q are also desirable [19, 20] : 
ii) Preservation under reversible operations. If T is reversible transformation, then Q(T (B)) = Q(B). (iii)
Additivity
(a) Entropic contextuality quantifiers
Given two probability distributions p and q in a sample space Ω, the Kullback-Leiber divergence between p and q
is a measure of the difference between the two probability distributions p and q. The Kullback-Lieber divergence captures a notion of statistical distance between two distributions, and it can be interpreted as the average amount of support in favour of p against q per trial. The larger the D KL (p q), the larger the amount of support per trial. Other approaches to statistical inference define this notion in different ways, but for large samples, all definitions of support become essentially equivalent to D KL . Consequently, the Kullback-Lieber divergence has become a central notion in information theory, statistics and large deviation theory [21, 22] .
Definition 4.2. The Relative entropy of contextuality of a behaviour B is defined as
where the minimum is taken over all non-contextual behaviours B NC = {p NC γ } and the maximum is taken over all probability distributions π defined on the set of contexts C. The Uniform relative entropy of contextuality of B is defined as 3) where N = |C| is the number of contexts in C and, once more, the minimum is taken over all non-contextual behaviours B NC = {p NC γ }.
The quantifier E max is a monotone under non-contextual wirings. The quantity E u , however, is not a monotone under the complete class of non-contextual wirings, as shown in [18] for the special class of Bell scenarios. Nonetheless, it is a monotone under a broad class of such operations. More specifically, it is a monotone under post-processing operations and under a subclass of pre-processing operations [23] . 
(b) Geometric contextuality quantifiers
We now introduce contextuality monotones based on the trace distance 1 , in contrast with the previous defined quantifiers which are based on entropic distances. The trace distance between two probability distributions p and q
is a metric on the space of probabilities since it is symmetric and respects the triangle inequality. Furthermore, it has a clear operational meaning since
where the maximization is performed over all subsets S of the index set {x} [24] . That is, D 1 (q, p) specifies how well the distributions can be distinguished if the optimal event S is taken into account. Consider for instance distributions p(x) and q(x) for a variable X assuming d values as 
Definition 4.4. The 1 -max contextuality distance of a behaviour B is defined as
where the minimum is taken over all non-contextual behaviours B NC = {p NC γ } and the maximum is taken over all probability distributions π defined over the set of contexts C. The 1 -uniform contextuality distance of a behaviour B is defined as
where N = |C| is the number of contexts in C.
For detailed discussion of these contextuality quantifiers, see [23] and, for the special class of Bell scenarios, see [25] . While D max is a proper contextuality monotone under the entire class of non-contextual wirings, D u is more suitable when the set of allowed free operations preserves the scenario under consideration. Other distances defined in the set ND can also be used in place of the 1 distance. The above results are also valid for any p distance [23] .
(c) Contextual fraction
A contextuality quantifier based on the intuitive notion of what fraction of a given behaviour admits a non-contextual description was introduced in [14, 26] . Several properties of this quantifier were further discussed in [19] . Definition 4.6. The contextual fraction of a behaviour B is defined as
where B NC is an arbitrary non-contextual behaviour.
Theorem 4.7. The contextual fraction is a monotone under all linear operations that preserve the noncontextual set NC.
Proof. Let T be a linear operation over the set of behaviours such that T (NC) ⊂ NC. Given a behaviour B, let B = λB + (1 − λ)B NC be the decomposition of B achieving the minimum in equation (4.8) , that is, CF(B) = λ. Then
Since T (B NC ) is a non-contextual behaviour, we conclude that CF(T (B)) ≤ λ = CF(B). 
The contextual fraction can be calculated via linear programming.
Contextuality as a resource (a) Contextuality and random number generation
The generation of genuine randomness is still a challenging task as true random numbers can never be generated with classical systems, for which a deterministic description, in principle, always exists. For quantum systems that exhibit contextuality, a deterministic description that is independent of the choice of measurement settings is impossible, thus opening the door for the generation of genuine random numbers. This was indeed achieved in [7, 8] where the violation of Bell and non-contextuality inequalities were used directly to compute a lower bound on the min-entropy of the outcomes, thus guaranteeing randomness of the string of output bits. This string can then be processed using classical algorithms to distill genuine random numbers. It is interesting to note that the quantum system in [8] is a qutrit, which shows that randomness can be generated without the need to use costly quantum resources such as entanglement. This allows for easier implementation and significantly higher generation rate of random strings.
(b) Contextuality and models of quantum computation with state injection
Quantum computation with state injection (QCSI) [27] is a scheme composed of a free part consisting of quantum circuits with a restricted set of states, unitaries and measurements (generally restricted to be that of the stabilizer formalism) in which quantum computation universality is achieved by the injection of special resource states, called magic states. These special states are usually distilled from many copies of noisy states through a procedure called magic state distillation.
To understand the source of quantum advantage in these schemes, we need to understand what precisely is the quantum property that allows for magic state distillation. In [28] , it was shown that for a special choice of Wigner function representation of qudits with prime d, its positivity implied the existence of an efficient classical simulation of the state, which, in turn, implied that this state is not useful for magic state distillation. This result was later explored in [3] , which exhibited a contextuality scenario based on the set of restricted measurements for which non-contextuality is equivalent to negativity of the Wigner function. This shows that contextuality with respect to this scenario is a necessary ingredient for magic state distillation.
This result does not easily generalize to qubit systems [6, 29] , where both the definition of the Wigner function and the presence of state independent contextuality with respect to the restricted measurements poses an obstacle to the recognition of contextuality as a resource. Several attempts to establish contextuality as a resource in qubit stabilizer sub-theory have been done by further restricting to non-contextual subsets of operations within the qubit stabilizer sub-theory. In [4] , the authors restrict to qubits with real density matrices (rebits) and define a Wigner function for n rebits that is consistent with the restricted stabilizer formalism. With this construction, they are able to prove that there are real QCSI schemes in which universal quantum computation is only possible in the presence of contextuality. In [30] , the authors show that if non-negative Wigner functions remain non-negative under free measurements, then contextuality and Wigner function negativity are necessary resources for universal quantum computation on these schemes. The result on contextuality is however strictly stronger than the result on Wigner functions, since it is different from the qudit case [31] , qubit magic states can have negative Wigner functions but still be non-contextual. These results where later generalized in [6] , which shows that if the set of available measurements in the scheme is such that there exists a quantum state that does not exhibit contextuality, then contextuality is a necessary resource for universal quantum computation on these schemes. (c) Contextuality and measurement-based quantum computation [32] consists of an n-site correlated resource state and a control classical computer with restricted computational power. Each site receives the information of a measurement setting to be performed in its system, encoded as an element of Z d , with d = p r and p prime, and returns the outcome of the measurement also encoded as an element of Z d . No communication between sites is allowed during the computation. The control computer post-processes the measurement outcomes linearly to produce the output of the computation.
For d = 2, it was shown in [33] that nonlinear Boolean functions can be computed with 2 -MBQC with a resource state constructed from a proof of contextuality based on Mermin's GHZ paradox. It was then shown in [5] that deterministic computation of any nonlinear Boolean function with 2 -MBQC implies that the contextual fraction of the corresponding behaviour is equal to one. For probabilistic computation, 2 -MBQC which compute a nonlinear Boolean function with high probability are necessarily contextual. Oestereich & Galvaõ [34] proves that bipartite non-local behaviours in the CHSH scenario and behaviours with arbitrarily small violation of a multi-partite GHZ non-contextuality inequality suffice for reliable classical computation, that is, for the evaluation of any Boolean function with success probability bounded away from (1/2).
These results were later connected with the contextual fraction of the resource state with respect to the available measurements in the computation [19] . Let f be a Boolean function and consider an 2 -MBQC that uses the behaviour B to compute f with average success probability p S overall possible inputs, and corresponding average failure probability p F = 1 − p S . Then
where ν(f ) is the average distance of f to the closest Z 2 -linear function. 1 In the qudit case, however, examples of non-contextual d -MBQCs with local dimension d ≥ 3 that evaluate nonlinear functions can be found [35] . Nevertheless, it is still possible to connect contextuality with quantum advantages. In this direction, Hoban et al. [36] show that the evaluation of a sufficiently high-order polynomial function on a multi-qudit system provides a proof of contextuality. This problem was also investigated in [35] , which besides reproducing the result of [36] , emphasized the distinctive role of contextuality in individual sites versus strong correlations between the sites.
(d) Memory cost of simulating contextuality
Contextuality can be simulated by classical models with memory and the efficiency of such simulations can help understand the difference between quantum and classical systems. In any such simulation, the system changes between different internal states during the measurement sequence. These states, drawn from a classical state space Λ, can be considered as memory and define the spatial complexity of the simulation. The model in which the cardinality of Λ is minimum is memory-optimal and defines the memory cost of the simulation.
Kleinmann et al. [37, 38] study the memory cost of simulating quantum contextuality in the Peres-Mermim scenario and show that three internal states are necessary for a perfect simulation of quantum behaviours. This shows that reproducing the results of sequential measurements on a two-qubit system requires more memory than the information-carrying capacity of the system, given by the Holevo bound. In [39] , it is shown that contextuality in a quantum sub-theory puts a lower bound on the cardinality of the state space used in any classical simulation of this subtheory. As a consequence of their result, the authors prove that the minimum amount of bits necessary to simulate the n-qubit stabilizer sub-theory grows quadratically with n, in contrast with the qudit case with d an odd prime [31] , where an efficient simulation that scales linearly in 1 The average distance between two Boolean functions f n can be constructed from a particular choice of Wigner representation, which is always positive for stabilizer states.
Conclusion
In this contribution, we reviewed some of the recent developments towards a unified resource theory for contextuality. Although these results highlight contextuality as a possible operational resource, the understanding of the connection of these constructions with practical applications is still in its infancy. This is the most important and the most challenging ingredient in a resource theory. Other important questions regarding contextuality as a resource remain open, such as the possibility of contextuality distillation, the role of catalysts, conversion rates and the possibility of finding an explicit parametrization of larger classes of free operations for contextuality. It is also important to investigate the role of other forms of non-classicality in quantum advantage [40, 41] and, although quantifiers can be adapted to the contextuality-by-default framework of Dzhafarov et al. [42] , it is still an open problem to find a version of the non-contextual wirings to this extended notion of contextuality. We point out that although the main application of a resource theory is to understand the role of a physical property as an operational resource, this construction can be interesting on its own and it can give insight into the physical property under consideration. For example, Duarte et al. [43] use contextuality quantifiers to explore the geometry of the set of behaviours, finding the approximate relative volume of the non-contextual set in relation to the non-disturbing set. 
